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ABSTRACT: We show that one-loop amplitudes in massless gauge theories can be deter-
mined from single cuts. By cutting a single propagator and putting it on-shell, the in-
tegrand of an m-point one-loop integral is transformed into an (n + 2)-particle tree level
amplitude. The single-cut approach described here is complementary to the double or
multiple unitarity cut approaches commonly used in the literature. In common with these
approaches, if the cut is taken in four dimensions, one finds only the cut-constructible
parts of the amplitude, while if the cut is in D = 4 — 2¢ dimensions, both rational and
cut-constructible parts are obtained. We test our method by reproducing the known results
for the fully rational all-plus and mostly-plus QCD amplitudes, AS})(1+,2+,3+,4+) and
Agl)(1+, 2% 31,47 57). We also rederive expressions for the scalar loop contribution to
the four-gluon MHV amplitude, AiLN:O) (=, —,+,+) which has both cut-constructible and
rational contributions, and the fully cut-constructible n-gluon MHV amplitude in N = 4
Supersymmetric Yang-Mills, Afll’N:4)(—, — 4, ).
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1. Introduction

As the first collisions at the Large Hadron Collider (LHC) draw nearer, there is a growing
sense of optimism in the particle physics community that a new era of discovery and ex-
ploration awaits. In order to make sense of the vast amounts of data expected from the
LHC, precise knowledge is required regarding the Standard Model processes which form a
background to all new physics signals. For many QCD and electroweak events involving
multi-particle final states, tree-level calculations fail to generate results of sufficient accu-
racy and next to leading order (NLO) corrections are required [[]. Over the last few years
it has become apparent that unitarity-based methods offer many advantages over more
traditional approaches in the calculation of one-loop amplitudes in massless theories. In
particular, unitarity methods employ on-shell quantities as the fundamental building blocks
which can result in considerable simplification of the intermediate stages of the calculation.

Inspired by Witten’s discovery [ of the simplicity of maximally helicity violating
(MHV) amplitudes in Penrose’s twistor space, Cachazo, Svréek and Witten [[] developed a



novel diagrammatic technique for construction of tree level amplitudes in Yang-Mills gauge
theory. By taking the Parke-Taylor [[fj (MHV) amplitudes,

. a4

An(F, i nt) = T3 <2<Z3‘§>‘ T (1.1)
off-shell the authors were able to use MHV amplitudes as vertices to construct ampli-
tudes containing increasing numbers of negative helicity gluons. The off-shell vertices
are connected by scalar propagators which link gluons of opposite helicity. These meth-
ods have been successfully extended to generate amplitudes for a wide range of massless
theories [J-[], amplitudes involving Higgs bosons [, [[J] and massive vector boson cur-
rents [L1]. Recently the CSW prescription has been extended to include the generation of
tree amplitudes containing massive (coloured) scalars [13, [[J] and fermions [[4]. Progress
at one-loop was stimulated by the work of Brandhuber, Spence and Travaglini [[5], who
observed that at one-loop, one can relate the MHYV rules to a dispersive integral over phase
space. This lead to the calculation of several one-loop n-point MHV amplitudes, both in
supersymmetric f], and non-supersymmetric theories [@f@]

Unitarity in its modern form owes its origins to the work of Bern, Dixon, Dunbar
and Kosower [, B3] who in the mid nineties used the simplicity of tree-level amplitudes in
Yang-Mills to correctly reconstruct the discontinuity structure of many one-loop amplitudes
in N = 4 and N = 1. The original work required the cut propagators and the tree
amplitudes to be four-dimensional, and as a result QCD amplitudes were unable to be
fully reconstructed. The parts of the amplitude found by four-dimensional cuts were called
cut-constructible, whilst the elusive remaining terms were deemed rational (since they had
no discontinuities in physical invariants).

The search for a method which calculated amplitudes fully from on-shell methods has
led to the development of many new ideas and techniques. The discovery of novel recur-
sion relations in gauge theories by Britto, Cachazo and Feng [P4] (and later proven with
Witten [PJ]) inspired the development of the unitarity bootstrap [P, 7]. This method
relied on the fact that the rational terms, having no logarithms or branch cuts, obeyed
similar recursive relations to tree-level amplitudes. This meant that the cut-constructible
terms were calculated from four-dimensional unitarity and rational terms could be calcu-
lated using recursion relations. A major advantage of the bootstrap is that rational and
cut-constructible terms are both calculated in four dimensions, which allows the use of the
spinor helicity formalism and the simplifications associated with it. Recently, the boot-
strap method has been implemented in the program Blackhat [R§] which calculates NLO
amplitudes numerically.

It was noted long ago [R9 that if one performed the unitarity cut in D dimensions the
amplitude could be fully reconstructed. Over the last few years the development of efficient
four-dimensional unitarity based methods, such as generalised unitarity and spinor inte-
gration f@], have inspired the development of new D-dimensional unitarity methods.
Extensions of the multiple cut approach of generalised unitarity to D dimensions [@] were
able to correctly reproduce known QCD rational amplitudes. In a series of papers, Britto,
Feng and collaborators [B4—B9] implemented spinor integration in D dimensions (and also



extended the applications to include massive theories). Recently [E(] a implementation of
D-dimensional unitarity has been proposed which should allow direct calculation of the
rational pieces of amplitudes.

Inspired by the developments in analytic unitarity based calculations, numerical tools
for evaluating loop-amplitudes have made enormous progress. In a series of remarkable pa-
pers Ossola, Pittau and Papadopoulos developed an algebraic method [{]-[3 for extract-
ing the coefficients of the loop-integrals at the integrand level, together with the rational
parts. In the last year this has led to the release of CutTools [4] a program which numer-
ically calculates loop amplitudes and has been used to study six-photon amplitudes [@] as
well as the NLO QCD corrections to tri-vector boson production [#§]. Another program
which is based upon D-dimensional unitarity is Rocket [[f7], which arose from the obser-
vations of [i§, [i9] where it has been shown that one can write a generic loop amplitude as
an expansion of D, D 4+ 2 and D + 4 master integrals. A recent achievement has been the
calculation of scattering amplitudes involving up to 20 gluons [f]. The method has also
been extended to incorporate massive fermions [p(] and vector bosons [F1]].

When undertaking calculations involving gluon loops, one can make use of the following
supersymmetric breakdown,

Ag _ .AN:4 _ 4AN:1 _|_A/\/:0,scal‘ (1‘2)

The important realisation being that N’ = 4 and N/ = 1 theories are cut-constructible
so that D-dimensional unitarity is only required to calculate the last term in the above
equation. If the four-dimensional helicity scheme (FDH) is used, external momenta can
be kept in four dimensions, whilst the internal loop momenta become D-dimensional. In
order to preserve the techniques useful in four dimensions it is common to separate the loop
momentum into 4 and —2¢ components. Since the external momenta are four-dimensional
the —2¢ dimensions decouple and behave like a mass, which must be integrated over.
This transformation makes it very useful to know on-shell amplitudes involving gluons
and massive (coloured) scalars. These amplitudes have been derived using the recursion
relations 52, B3] and more recently they were derived in the CSW formalism [[[3, [J].

The concept of cutting a single propagator in loop amplitudes is not new. However
until now, most studies of single cuts have been linked with the Feynman tree theorem [p4].
This theorem states that a generic one-loop amplitude can be written as a sum over its
allowed cuts, from single cuts upwards. Recently it was proposed [bJ] that entire amplitudes
could be calculated at one-loop from single cuts avoiding the FTT by a using a specially
deformed contour of integration in the complex plane. The method we use in this paper
is directed more along the lines of generalised unitarity. We apply the cut to both the
one-loop integral and the one-loop basis functions and use reduction techniques to extract
the coefficients of the master integrals appearing in the one-loop expansion. At the final
stages of the calculation we can simply re-insert the cut propagator and return to the basis
of scalar integrals.

This paper proceeds as follows, section 2 introduces the single cut method we will
employ and reviews the integral basis used in D-dimensional unitarity. Section 3 briefly
reviews the construction of tree amplitudes using the CSW rules with massive scalars



derived by Boels and Schwinn. Sections 4 and 5 contain detailed example calculations. We
calculate the four- and five-gluon all plus amplitudes in section 4. In section 5 we extend
the examples to include four-gluon amplitudes with one or two gluons of negative helicity.
We also give an example of a fully cut-constructible amplitude by calculating the n-gluon
MHV amplitude with adjacent negative helicity gluons in N' = 4 SYM. In section 6 we
draw our conclusions. For completeness, we list the € dependence of the scalar integrals we
encounter as well as the notation we use throughout the paper in appendix A.

2. Single cuts and unitarity

2.1 Single cuts

The main result of this paper is that colour-ordered multi-gluon one-loop amplitudes can be
calculated from single cuts. In a similar manner to previous unitarity studies we find that
if four-dimensional tree amplitudes are used we can reconstruct only the cut-constructible
pieces of an amplitude. However, if the cut is performed in D = 4 — 2¢ dimensions then it
is possible to fully determine the amplitude. In this section we describe how the single cut
works and how to implement this concept within D-dimensional unitarity.

We begin by considering an arbitrary one-loop processes in D dimensions with massless
propagators which can be written in the following manner,

At D =N e P (NI ({pe}).- (2.1)
j=2

Here ¢P) are coefficients which depend only on the dimension D of the loop momentum
and a set of outgoing external momenta {py} which we take to be four-dimensional. The
scalar n-point integral in D dimensions is defined by

D — (= n+1 7TD/2 dDL 1
RS AR = (L2 i0) (L —p)? +10)-. (L — Sy pi) +i0)°

where the +i0 denotes the prescription for continuing the pole off the real axis. From now

on, we will not show the 440 explicitly. Finally, the implicit summation over ¢ represents the
range of allowed momentum configurations in the denominator for a j-point scalar integral
(i.e. for a four-point we sum over four, three, two and one mass boxes). In massless theories,
scalar tadpoles (I7) and on-shell bubbles (I3(p?)) vanish regardless of D.

We now consider what happens to both sides of (R.1]) when we take a single cut of the
loop integral. We choose to make the cut between the external momenta p; and p;_; and
we denote this to be the C;;_1 cut as shown in figure fl. We follow the usual procedure of
taking the propagator on-shell via the replacement

é — §(L2). (2.2)

On the left-hand side of (R.1]) the integrand becomes an (n + 2)-particle tree level

amplitude, so that

—loo, d"L
Ang toor).D _, / (27T)D5([/2)1452)_;_12))(—[/,]91',})2‘4_1, s )pi—bL) (23)



Figure 1: Schematic of a the C; ;_; single cut. The propagator between momenta p; and p;_; is
cut, leading to two additional (dashed) outgoing external scalar particles. This cut is not sensitive
to scalar integrals that have p; and p;—; emitted from the same vertex.

as illustrated in figure [. We note that the sum of the external momenta Z;_:i p; vanishes,
just as for the loop amplitude. This is the definition of a single cut in the C;;_; channel.
The integrand is an (n + 2)-particle tree amplitude which is manifestly gauge invariant.
This is a very useful feature of the single cut since a different gauge choice can be made
for each cut.

A single cut simultaneously determines the coefficients of many of the scalar basis
integrals, since every basis integral has some form of single cut. It is logical to question
which coefficients can be determined from a given cut. The important quantity is the
ordered set of momenta, since this determines which propagator has been cut. For example
in the C; ;_1 cut only scalar integrals which have p; and p;_1 emitted from different vertices
give a contribution.! An example of a basis integral which has a contribution in the Cii—1
cut is shown in figure f(a). In general determination of every coefficient of the basis
integrals will always require fewer than n cuts.

To summarise, to calculate a generic colour ordered n-gluon one-loop amplitude from
a single cut in the C; ;_; channel, one must first draw all allowed (n + 2)-particle diagrams
where the two new cut particles are placed between ¢ and 7 — 1.

2.2 Four-dimensional unitarity

The discussion in the previous section is not sensitive to the specific value of D. One
can always write a one-loop amplitude as an summation of scalar integrals, multiplied by
coefficients which are rational functions of the external momenta and the dimension D.
Of course, when one wants to perform an actual calculation the value of D is crucial,
since it sets the dimension of the tree inputs. Ideally one would use four-dimensional
tree amplitudes, taking advantage of the simplifications associated with the spinor helicity
formalism and on-shell techniques, i.e. one would write (B.3) as,

oo d4—2eL
A(l—loop).D _, / W&(L2)A§?j§)(—L,pi,pi+l,...,pi_l,L). (2.4)

Of course, one does not expect to reconstruct the entire integral using four-dimensional
trees. Bern, Dixon, Dunbar and Kosower showed [23, 7 that by using four-dimensional

LFor massive theories, this is not the case as there may be tadpole contributions.
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Figure 2: Examples of master integrals which (a) can and (b) cannot be found by a C; ;_1 cut.

tree inputs when calculating amplitudes with double cuts one misses terms O(e”). These
rational polynomials arise from cancellations of the form e x (1/€) which occur when a
D-dimensional contraction from tensors in the numerator cancels a divergence which arises
from UV structure of the integrand.? However, they were able to show that in ' = 4 and
N =1 Supersymmetric Yang-Mills (SYM) theories, these missing terms are uniquely asso-
ciated with the one-loop basis functions, so that the entire amplitudes could be calculated
from four-dimensional trees. For QCD or scalar loop amplitudes however, there rational
polynomials exist which can never be determined from four-dimensional unitarity. To fully
determine the amplitude, therefore, the tree input must remain in D dimensions.

2.3 D-dimensional unitarity

The D-dimensional scalar n-point function in massless theories is defined in (2.2) where
L exists fully in D = 4 — 2¢ dimensions and the external sums of momenta are four-
dimensional. We can split L into its four (¢) and —2¢ (u) dimensional components,

L=10+p. (2.5)
This transforms the measure as,
/dDL = /d—%/d‘*e, (2.6)
while the propagators transform as
(L —pi)* — (L= pi)® = 1, (2.7)
so that the scalar integral becomes

Drq1 d_zeu d*¢ fi(_l)n+1(4ﬂ.)2—e
I/l = / (2m)—2€ / @m)E (2 — 12)((—p1)? — p2)... (6 - z?:_11 o2 (2.8)

In other words, a massless integral in D dimensions has been transformed into a four-

dimensional integral where each propagator looks like the propagator of a massive scalar

2UV and IR divergences can be regulated by taking the denominators back into D = 4 — 2e dimensions.



particle. In the single cut approach we are advocating here, a massive scalar propagator is
placed on-shell yielding two external massive scalar particles.

Integrals with dot products involving L in the numerator can be treated in much the
same way. A generic numerator now acquires a polynomial dependence on p?. We can
systematically use the results of [2g] to relate integrals with additional factors of y? in the
numerator to higher-dimensional scalar integrals

prave _ [ d%u [ dY (=)™ (4m)> (1)
201 = [ Gy [ (= 2= p)? = ) (S p)? — 1)
= —(l—¢)...(r—1—¢eIPT2. (2.9)

Over the past few years many authors have investigated D-dimensional unitarity us-
ing differing numbers of cuts to determine amplitudes. Several approaches have been
shown to correctly reproduce fully the rational parts of QCD amplitudes. These include
D-dimensional generalised unitarity [BJ] where quadruple and triple cuts were used to de-
termine amplitudes. A D-dimensional version of the triple cut was derived in [f] and
used to compute the six-photon amplitude in [F7]. Double cuts using spinor integration
in D-dimensions have been studied extensively [B4-Bg]. Recently the D-dimensional dou-
ble cut was used to determine the five-point Aél)(—, +,+,+,+) amplitude to O(e) for the
first time [B9. A common theme in these approaches has been separation of L into 4 and
(D — 4)-dimensional components as discussed above.

3. CSW construction with massive scalars

The single cut technique uses (n + 2)-point tree amplitudes to calculate n-gluon one-loop
amplitudes. Often the two additional particles are massive scalars and therefore we require
an efficient method to generate tree level amplitudes involving gluons and massive scalars.
To this end, we use the CSW rules for massive scalars that were derived by Boels and
Schwinn [[[3, [[J] and which we briefly review in this section.

Using Lagrangian and twistor space methods, the authors of [[4, [[J] were able to show
that amplitudes involving massive scalars could be generated using the usual massless
scalar-gluon vertices,

_ _ . (if)*
Vesw(1, .7, ,..,mT) =4 , (3.1)
(12) (23)...{((n—1)n) (n1)
— : (13)? (ni)?

% 1y = - 2
esw(l,o i) = o T Ty (1) (3:2)

o , (14)2 (i 4 1n)? (ii+1) (in)

lg,... = —

VoswLor-sig Jos--m0) = —imgmer — o o | 00 Gt 1)
(3.3)
Here ... represent a cyclic ordering of gluons of positive helicity and kg represents a

massive scalar with momentum k. These vertices are supplemented by an additional tower



of vertices arising from the scalar mass term in the Lagrangian, which couples any number
of positive gluons to a pair of scalars.

(1n)
(12)...{n—1n)’

Vesw(1p, 2%, ..., (n = )T ny) = —ip? (3.4)
When scalars emitted at different vertices are connected, one uses a massive

scalar propagator,
i
-, (3.5)
P2 — 2

where p is the momentum carried by the exchanged particle and g is the scalar mass.
Spinors which are associated with massive scalars or off-shell gluons are continued off-shell
via the usual CSW prescription,

il
= T

(3.6)

Here ¢ and n are arbitrary massless spinors subject to the constraint that once 1 has been
set, it remains fixed in all contributing diagrams.

4. One-loop amplitudes of gluons with positive helicity

4.1 The all-plus four-gluon amplitude

The four-point amplitude for gluons with only positive helicity was first calculated using
string based methods in [pg], and it was given to O(e) in [R9. This helicity amplitude
vanishes at tree-level, and is therefore entirely rational. It is obtained by computing the
contribution of a massive complex scalar circulating in the loop. The amplitude is partic-

ularly simple [Rg],

APt 2t 3t 4t) = ( 4772;2_5 <[11 22; g‘i Ky, (4.1)
where
Ky = L") = —e(1 — ) IP=8-2¢ — —é +0(e). (4.2)

The symmetries of the amplitude mean that we can calculate it fully from a solitary
single cut, and we choose to make the Cy4 cut. That is, we put the propagator that
connects the external momenta p; and ps on-shell. Figure J depicts the four possible
diagrams for the four-gluon all-plus amplitude.

Note that the off-shell prescription for the CSW rules introduces a reference vector n
which we will always choose such that |n) = |i), where p; is an external momenta. We
can therefore exploit the structure of the three-point ¢¢g vertex by setting |n) = |4) so
that diagrams such as figure f(a) vanish. We will systematically use this simplification to
reduce the number of contributing diagrams.
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Figure 3: The MHV topologies associated with a C; 4 cut of the four-gluon all-plus amplitude.
Other cuts are obtained from this one by cyclic relabeling of the external particles.

The MHYV rules introduce spurious denominators of the type (« [¢4—1|7n]. Therefore, to
keep track of these denominators (which cannot appear in the final answer), we introduce
the following shorthand notation i, g to denote the contribution from a certain diagram
i which contains spurious terms (a |[la—1|7] ... (B [€s—1|n]. The diagram shown figure f(b)
is therefore labeled as by since it has spurious poles (1 |¢|n] and (2 |¢1]n],

—2€ 4
bio = —/ (gﬂ-)—/;f / (;17_[_?45(@2 _N2)V(_€’ 1+’€1)d(21)

XV(—€1,2+,€2)
_ _./ dQ[u°] (1] [n2] [n3]
d(£1)d(€2) (34) (1€[n] (2 [€x]n] (4 €]

_ / dQ[) [71] [ 2] [ 3] (4.3)
d(£1)d(€2)d(l3) (34) (L[| n] (2€1]n]’ '

where we follow the notation of Boels and Schwinn [[13],
b =10— ij and d(;) = 62 — 1> (4.4)
j=1

and have used the fact that (4|¢|n] = (4]¢|4] = d(¢3). The integration measure is given by

—2¢ 4
Jaou = [ Gt [ o (4.5)




Diagram figure fJ(e) has the form,

. :Z./ dQ "] 73] [0 |€ P1.2| ]
. d(£2)d(Cs) (12) (34) (L[¢[n] (2[e1]n]’

while diagram figure [J(f) is given by,

[ A" [n1]?
poif a(Cr)d(ls) 23) 34y (2|0 4.7

Combining terms

by te :Z./ dlpt]  (p*[n[12]n] + d(61) [n]¢ Pra|n) n3]
e d(1)d(62)d(0s) (12) (34) (L[e[n] 2]62]7]

and using the identity [LJ]

(4.8)

2 li(i+1)n] =[G+ D] [n)6]d) Iia] (04 1)) + d(G—1) [n]6] i+ 1)) [(i + 1) n]
—d(&;) [nli—1 Prita|n) + d(litr) [n]€i-1]7) [in] (4.9)

with the on-shell condition d(¢) = 0, we find that spurious poles of the type (1|¢|n]
are eliminated,

L dapt 2R3
b e =i [ a6 d(0s) (12) (34)

i dQ ] 1] [n3]
/ d(01)d(¢3) (12) (34) (2]61|n] (4.10)

When we combine the above with f, we find that the terms which contain the spurious

poles (2 |¢1] n] also vanish,

Cp ot 2By
butent = ‘Z/ A0 d(b2)d(6;) (12) (34)° (4.11)

Now we re-instate the cut-propagator on both sides of the equation by removing the

delta function
7

5(0% — p?) - ——,
(67— p7) 7z

(4.12)
to re-write the cut integral as a full Feynman integral. To return from ([.11) to the
Feynman integral representation we include a normalisation of i, and introduce d(¢) into
the denominator, so that

(1) o [12][34] d=2pu die i
AT = <34>/ <2w>—2€/ @)t d(0)d(0r)d(E2)d ()

i [12][34]
T (4m)2=< (12) (34) K. (4.13)

We observe that we have correctly recovered the all-plus four-gluon amplitude given in ([.1)
up to a factor of 2 which can naturally be attributed to the need to sum the two identical
solutions associated with the two possible helicity assignments of the scalar particles.

— 10 —
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Figure 4: The MHV topologies associated with a C 5 cut of the all-plus five-gluon amplitude.
Here we have set n = ps to eliminate any three-point vertex with containing two scalars and ps.
Other cuts are obtained from this one by cyclic relabeling of the external particles.

4.2 The all-plus five-gluon amplitude

We now consider the slightly more complicated example of the all-plus five-gluon one-loop
amplitude. This was originally calculated to O(¢°) in [B] and to O(e) in [B0]. Written in
terms of master integrals it has the following form,

. 1_ L N .
Agl)(1+’2+a3+,4+,5+) = Lu 823834149)’8 2 +834845I£2)’8 2 +315345I§3)’8 2
D5 (471')2_6
+815812IZ§4)78_26 + 312323_[4&5)78_25 + 41(4 o 26)6(1234)]’;0—26 ,
(4.14)

where D5 = (12) (23) (34) (45) (51) and IAEi)’D is a D-dimensional one-mass box, with the
massive leg being formed from momenta p; and p;_1.

— 11 —



Figure 5: The schematic structure of the three-point vertex with one massive scalar leg on-shell
and one off-shell. A dotted leg represents the pinching of a propagator (scalar) or the absence of
a spurious term associated with that particular gluon. When applied to a generic diagram, this
identity leads to two contributions, one term which pinches a propagator and a second term which
has no spurious pole.

Figure 6: The schematic structure of the three-point vertex with two off-shell scalars. As in
figure 5, dotted legs represents the pinching of a propagator (scalar) or the absence of a spurious
term associated with that particular gluon. When applied to a generic diagram, this identity
leads to three contributions, two terms which pinch a propagator and a second term which has no
spurious pole.

Since there are now five external particles, the one-loop basis functions include single-
mass boxes and therefore we cannot calculate the full amplitude from one single cut. This

is because the single mass box I f)’D

cannot be detected in the Cj;_1 cut. The possible
topologies for the C 5 cut are shown in figure i where we have taken = ps to eliminate any
diagram with a three-point vertex containing ps. Each cut is separately gauge invariant,
so that other cuts can be obtained by cyclic relabelling of the external particles.

The spurious term structure of this amplitude is quite complicated, for a general dia-
gram we find three unique inverse factors of (i|¢;—1|n]. The amplitude has a representation
in terms of the one-loop scalar integrals, which are free of this sort of term. Therefore, we
seek to remove these terms from our calculation.

To begin this simplification, we first derive a relationship between the CSW vertex
with a single leg off-shell and the three-point amplitude with all particles on-shell [5J). We
begin with the off-shell vertex of [, [L3].

2 2
1
Vosw(6,17,0) = — L nlaln - p [ (4.15)

(1l 1) (Llefnl— (1]e]n]

where ¢ and p; are on-shell and #; is off-shell. We can write the vertex in a more useful form,

pinl] _ o de)(2Ln)  [L|en) (4.16)

(L|¢[n] (Llefn)(1n) (1)

When ¢; goes on-shell d(¢1) = 0, and only the second term survives. However, in the cases

we will consider, ¢ is an internal propagator and is always off-shell. The above expression
is very useful since it relates the spurious parts of diagrams containing a three-point vertex

- 12 —



to a diagram containing a four-point vertex (since the first term removes the propagator
d(¢1)). The identity ([.16) is shown diagramatically in figure fj. We also find the following
more general expression for a three-point vertex with both scalar legs off-shell.

il d(G) Glaln) | d() Glealn) Gl d]
(il ~ Gl G ' G G0 (4.17)

which is illustrated in figure fi.

The notation we use in this calculation is as follows, we classify a generic contribution
shown in figure || by its physical propagators d(¢;) and its spurious poles (i |¢;_1|n]. For
example the term aj23 has the denominators associated with figure f{(a) and spurious poles
(1€|n], (2]¢1|n] and (3|€2|n]. Applying the CSW prescription to all the contributions in
figure I, we find that

_ dQ) (1] (2] [n3] [n4]
= =1 | i T el o 9
_; dQp°] 3] [ 4] [n|€ Pr.| ]
b = | g T G @A T 19
[ o) 1] (2] o] Prz ]
€12 = / >d<ez>d<e4> B4) (@5) (110 1] (2]a] 7] (3 [6al 7] (4.20)
- 0 [€ Py 2| n] [n| P12 €| 7]
o = / e 12) (34) (45) (1[£[7] (@ |£1] 7] @ [6a] 7] (4.21)
S Z/ dQ ] [ 1) [ |61 Pa,s| ] [n 4] (4.22)
d(E0)d(3)d(E) @3) (45 (11€] ] 2161 |] (316 7] '
Y, (1] (7| Prs|n] [n4]
Jis = / d<es>d<e4>< 2) (23) (45) (L[¢ 7] 3 [6a] 7] (4.23)
g2 =i / 11 (4.24)
a 23) (34) (45) 2| ] 1] '

Applying eq. (F.I6) to these terms, we find that the spurious pieces containing (1 || 7]
generated from aqjo3, c123 and e193 cancel pairwise with the analogous contributions from
b123, d123 and f13. The remaining terms are free of (1|¢| 7], i.e.

a123 + b123 — ag3 + bos c123 + di23 — c23 + da3 e123 + fi3 — ea3 + faz. (4.25)
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With the various contributions given by the following,

o — Z/ Q] (2] [n 3] [n4] [1 ] m)
v d(£1)d(E2)d(€s)d(Cx) (1n) (45) (2[1]n] (362 n]
b — _./ Q] 73] [n4) [n| Pr2| m)
d(l2)d(€s)d(Ls) (1) (12) (45) (2[1]n] (3 [f2] 7]
o _Z./ dQ[u’] [02] [n] Pr2 €] 0] [1]€]m)
d(l1)d(2)d(Ls) (1) (34) (45) (2[1]n] (3 [f2] 7]
dys — Z/ Q] [l Pr2 €1 ] [ | P12l m)
d(£2)d(ls) (1) (12) (34) (45) (2[1|n] (3 |€2] 7]
o _Z./ Q] [ 1¢1 Pys|m] [n 4] [1 €] m)
” d(1)d(ts)d(6s) (1) (23) {45) 2[] 0] (3]l 7]

f :Z./ dQ(u] [n4] ([n 1€ Prs|m] (2n) — (12) [n1] {n |£3] n])
# d(6)d(6) (1) (12) (23) (45) 2| n] (B1ealn]

(4.26)
(4.27)
(4.28)
(4.29)
(4.30)

(4.31)

Next we apply eq. (.17) to a3 with i = 3 which generates three terms that combine with
with co3 and ess to remove (3|f3|7n]. Similarly, acting on bog with j = 2 with eq. ({.17)
produces terms that cancel the spurious (3 [¢2| 7] denominator in dos and fa3. So that

a23 + Co3 + €23 — as + o + e baz + €23 + fo3 — ba +e2 + fo.

The remaining contributions are,

/ (2] In 4] [11¢]m) [3161]2)
d(y)d ) (1n)(23) (45) (2]01] n]
/ dQ[ ] [n4][n\P12!n>[3\€1!2>
d({)d(€3)d (L) (L) (12) (23) (45) (2[61] 7]
cQ:z/ Q] (2] (12) [n 1] [1]¢]m)
d(€1)d(E2)d () (L) (23) (34) (45) (2[61] 7]
d2:—z‘/ dQp] [Pzl m) [n1]
d({)d(€4) (1n) (23) (34) (45) (2|¢1] 7]
(3] 4] [11¢]m)

"o / dQu’]

<el>< 5)d(€x) (L17) (23) (45) (2 [61] 7]
/ 4] (217) [37]

d(e ) (12) (2

. [ ] [n1)?

92 / d(e1)d() (23) (34) (45) 2[a] 7]

Finally, putting as, b2, €2 and fs over a common denominator we find,

3) (45) (2|6x| n]

as + b + e+ fo =a+0b.
Similarly, when ¢s, ds and go are combined we find that

co+dy+ g2 =c,
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(4.33)
(4.34)
(4.35)
(4.36)
(4.37)
(4.38)

(4.39)

(4.40)

(4.41)



where the three remaining terms are free of spurious singularities,

— dQp] (7] 4321¢|n)
/ d(ly d(l3)d(Ly) D5 (4.42)
— 4 dQ[lu’4] 53454
"= Z/ d(€2)d(l3)d(ly) D577 (4.43)
— dQ[/ﬁ] S$1281
o Z/ d(€1)d(l2)d(€y) D577 (4.44)

We note that b and ¢ are scalar integrals and require no further simplification. However, a
has a linear dependance on ¢ and requires some further manipulation. We use momentum
conservation to re-write the numerator as a sum of two traces

" Z/ dQ[u?] Sap tr4(N210) + s12 try (n4ll)
) dn d(l3)d({s) D5

(4.45)

where tr (a,b, c,d) = [ab] (bc) [ed] (da). Explicit evaluation of these traces leads to a sum
of scalar boxes and a linear pentagon,

. dQu’] 1
‘T Z/ d(01)d((2)d(l3)d(fs) 2Ds < — d(tr)s3a5ay + d((2) 517547 — d(l3)s1251,

—|—d(f4)812823 — 0 (84776(12770 + 8126(1477£)> > . (4.46)
It is possible to simplify the linear pentagon using the following identities

sane(12nf) = (d(l3) — d(la))e(1206) — pe(214n) + d(é1)e(244n)

+([210140n|2) — (2/€140n)2), (4.47)
s126(14n0) = (d(£2) — d(01))e(14n0) + pe(14nf) + d(Ca)e(14n0)
—[1]4en201) + (1]4Ln20]1], (4.48)

so that,

s12€(14nl) + s4ne(12nl) = —d(€1)e(34nl) + d(l2)e(14nl) + d(£3)e(12nL)
—d(£4)e(1230) + 2p%e(1472). (4.49)

Here every € tensor which multiplies a denominator is associated with a linear box. How-
ever, the remaining three momenta in the tensor are precisely the three massless momenta
of each box, which are the basis vectors for the Passarino-Veltman (PV) expansion. There-
fore, each time the e tensor is contracted with a basis vector from the PV expansion, there
is a repeated momenta in the e tensor and the term vanishes. We are thus left with only
the last term, which is associated with a scalar pentagon.

The total contribution to the C 5 single-cut is thus given by a + b 4 ¢ which is the
following sum of scalar boxes and a scalar pentagon

AW (1T 2t 3t 4t 5t = z/ Ay L (00 spasay + d(2)s1ys
+d(€3)31281n + d(f4)812823 — 4i/£2€(1234)> . (4.50)
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If we re-instate the cut-propagator then we find that,
A(l)(1+ 2+ 3+ 4+ 5+) = —7Z. 334845[(2)4_2E[M4] + 8518451(3)4_26[u4]
5 ) ) ) ) 2(47T)2_ED5 4 4

o285 LT Y s1osos 0T (1] + die(1234) 11 [Mﬁ])

(4.51)

Up to the usual factor of two, we observe that the above equation correctly reproduces the

1 AE5)4_26. Of course, this is completely

known result, apart from the term proportional to
expected since the missing box has momenta p; and ps; emitted from a single vertex, which
cannot be found from a single cut in the C} 5 channel we have calculated. Therefore to
obtain the missing term we could take a cut in a different channel. Alternatively, we can
use the high degree of symmetry of the amplitude under a cyclic permutation of gluons to

generate the correct coefficient of this term: s93534.

5. Amplitudes containing gluons of negative helicity

In the following section, we turn our attention to the calculation of four-point amplitudes
involving mixtures of negative and positive helicity gluons. The first helicity configura-
tion we consider is the mostly-plus amplitude with a single negative helicity gluon. In
supersymmetric theories this amplitude vanishes, so the rational contribution in QCD is
obtained from computing the scalar loop N/ = 0 contribution in D dimensions. As a
further example, we also calculate the scalar loop contributions to the four-gluon MHV
amplitude AWN=0(1=_2- 3% 4%). Finally, and as an example of using the single-cut
in four dimensions, we calculate the amplitude n-gluon MHV amplitude for the specific
helicity configuration where the two negative helicity gluons are adjacent in N' =4 SYM.

5.1 The mostly-plus four-gluon amplitude

The mostly-plus four-gluon amplitude has been calculated to O(e) in [R9], and has the
following form,

(11— =
AN 2% 3% 4%y = Am)2<[12] (23) 34) 41] u

P g+ 2D () ¥J2<t>>-

2 [24])% st ( st

Here we have introduced the notation used in [B3]
Tu(s) = Ln[i®](s) = (=) ;7 (s) (5.2)

for the massless bubble and one-mass triangle integrals.

As in section [E1] we choose to make the Ci4 cut and set n = 4. The contributing
diagrams are shown in figure [] and figure §. The diagrams of figure [ are very similar to
those previously encountered, however, figure [f shows a new class of diagrams associated
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Figure 7: Topologies which contain the two cut scalar particles at the same vertex and are free
of spurious terms. Each is proportional to either a massless bubble or a tadpole diagram and as a
result do not contribute to the amplitude.

with vertices containing both of the massive scalars. Although we are free to choose 1 to
be any massless vector the choice n = p4 is sensible since it automatically removes any
spurious singularities from these graphs. With this choice of 1, the diagrams in figure [] are
simply proportional to massless no-scale bubble and tadpole integrals, which in dimensional
regularisation vanish.

The five remaining diagrams shown in figure f§ are given by,

_ d(pt] (1] [n3][n2]

= /am<><>[]<>mmm (5:3)
I B LA,

by = /Q%><M 2 34) (2]6 7] (3167 (54)
_ (11¢]m)?

== /d 23) (34) (2]01] ] (5:5)

_ n2]*
d =1 /d T2 G4 (Lo Bl (5:6)

— i [1 (2 [ ||
@ / d(l3) [12](34) [n|Pi23|n][1n] (3]l2|n] (5.7)

Although figure §(e) contains both cut scalars at the same vertex, it cannot be ne-
glected in the same manner as the diagrams shown in figure . This is because of the
presence of the spurious term (3 |¢5| 1], hence the integral is not identifiable as a loop inte-
gral in the physical basis. The inclusion of this diagram is essential in the removal of the
spurious terms associated with figure §(d)

We use eq. ([.17) with ¢ = 2 and j = 1 to combine ay with beg and cz,

ao + bog +co — a+ b+ bg + c, (58)
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4+

(e)

Figure 8: Topologies which contribute to Afll)(—, +,+,+) in the C; 4 cut. Here we have set n = 4.
Gluons of negative helicity are shown in blue The diagrams shown above contain spurious terms
which must be removed.

where the remaining terms are free of the spurious pole (2 |¢1|n],

o / d?] () 0162 3] 59)
d(fy)d(l2)d(l3)  [1n](34) (n2) .

o aQ?] () (n1)[n3]

b= / d(E2)d(ts) (12) (34) [1n] (172) (5.10)

_ A (] (|| ] [n2]

b= / d(6>)d(ts) (12) (34) [L7] (316 7] (5:11)

o / a?] s, (1[40 612
a(0)d(l) [ (12) (23) (34)° '

Next we remove the spurious pole (3 |¢3|n] by using eq. ([17) with i = 3 and j = 7 in d3
and combining the resulting terms with b3 and eg, so that

ds +bs+e3 —d—+e+ b +p3, (5.13)
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where

_ [ ] 2 (31¢] ]
o Z/ d(C2)d(¢3) [12] (34) 3] (n3) [11] (5.14)
¢=0 (5.15)
W, (4?2 (A1) (1)
"o /d(ﬁz)d(fg) (12) (34) [17] (n3) (5.16)
o _; [’ 2 (n|ta|n] [23]
0 =i | e T L (5.17)

All remaining contributions are now free of spurious poles and we can straightforwardly
perform tensor reduction. We note that d and ¢ vanish upon tensor reduction, leaving a,
b and b2 The most complicated term is a and this reduces to,

— i [2 4]2 st st t t
a = (47-(-)2—6 [1 2] <2 3> <34> [4 1] E <K4 + £J4 + ﬂJZ&(t) - <1 + a) J3(8)>, (5.18)

where we have reinstated the cut propagator to write this contribution in terms of the

basis integrals. We note that with the C; 4 cut, we expect to reconstruct J3(s23) triangle
integrals (i.e. one mass integrals with its two on-shell legs given by p; and ps) but not
J3(s14) integrals where the off-shell leg is (p; + p4). Of course, momentum conservation
ensures that J3(s23) = J3(s14) so we only partially reconstruct the coefficient of J3(¢). We
therefore drop all of the J3(t) terms we find in this cut. The remaining contributions are,

i 24" 7
b+ bl = 223 BT s 2
B i [24]? t
Il CER ) S

When we sum the various contributions, we recover all of the terms in the amplitude which
depend on s,

i [24]2
m)Z<[12] (23) (34) 41]

st st t(s —u) u—t

AW (7 2% 3% 4%y o =

(5.20)

To reconstruct the remaining coefficients one could perform either a C; cut or use the
symmetry of the amplitude under a 2 «» 4 =t «+ s exchange,

M) (1= 9t g+ 4+ i [24]2
A (1 72 73 74 )12 cut — (47_‘_)2_5 [1 4] <43> <3 2> [2 1] X (521)
x%t <K4 + %A + S(ts_t v Ja(t) + ut_z Sjg(t)>.

Combining the distinct terms from the C7 4 and Cy; cuts, and adding a factor two for the
two possible helicity assignments of the scalar particles, we recover the known result of

eq. (b))
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N \ , / ’ N \ , 4
y T\g 4/T T\
(a) (b)
4+
I /
I /
| /
| 2
3+
(c)

NZI)(_a R +a +) in the

Cy,3 cut. Here we have set 7 = 3. The two external gluons with negative helicity are shown in blue.

Figure 9: Topologies which contribute to the scalar loop amplitude A%l’

5.2 The scalar-loop contribution to a four-gluon MHV amplitude

As a final application of the single cut in D dimensions, we calculate the scalar-loop con-
tribution to the four-gluon MHV amplitude with adjacent negative helicity gluons. This
amplitude corresponds to the result in A/ = 0 supersymmetric QCD and has been given to

O(e) in [
AWDN=0(1= 9= 3+ 4ty = 2 AD ([ Pt L) + L1P52)), (5.22)
4 ’ ) ’ - (471')2_6 s 4 s 2 ¢ 2 ) .
where
12)3
A0 = ;{12 (5.23)

(23) (34) (41)°

The amplitude can be fully determined from the Cy3 cut. With the choice n = p3
there are three contributing topologies which are shown in figure [JJ. The only spurious
terms are of the form (4 |¢3]| n] such that,

o / dQp?] ()] 210 1] 2] ) [47]
! d(fy)d(€n)d(f)  (23) [1n] [29] (4]¢]n]

by — Z/ dQ[] (L[] (1 [6a] 0] (2]€a| 7]

! d(Ca1)d(a2)  (14) (23) [2n]° (4]¢| n]

— dQp’] [4n)° [n]e]2)
‘T Z/ d(l41)d(€s2) (23) [41] [20)% [n 1] (5.24)
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where we have introduced the generalised notation

&'j =/{— Zpk. (525)

Applying eq. (.16) to a4 and combining with by, the dependence on (4 |[¢| 7] is eliminated,
so that

a4+ by — a—+b, (5.26)
with
_ (L[€aln] (21€1n] (2[€ar|n] {n €] 4]
=i | qm 641 i ) Ged by (5:27)

:Z/ L) (L|€] ] (1 [€4] m] (2 [La1| 7]
d 541 542 (14) (4n) (23) [27]?
/ dQ1] (1 [£a]n] (2[€ar|n] [47]
d(lar) [Ln] (4n) (23)[2n)*

(5.28)

We observe that b and ¢ vanish upon Passarino-Veltman reduction while a becomes,?

o= —A0(_1 dQ[p’] o (12 2?1
= —A, < s / d(lq)d(€a1)d(la2) +/ d(€41)<s 3t +6>> (5.29)

Reinstating the cut-propagator (and the normalisation i) we find that the contribution to

the scalar-loop four-gluon amplitude from the Cy4 3 cut is given by,

AWN=0(1= 9= 3+ 4t) 8 0y = —ﬂ EK4— 1.2 Ja(t) — 1Iz(lt) (5.30)
) ) 9 —cu (47_‘_)2_5 S s 3t 6 :

This can be recast in terms of the D = 6 — 2¢ bubble integral using,
_ 4 6 D62
Iy(t) = ” Jo(t) + 7512 (t) (5.31)

to recover eq. (5.29) up to the usual factor of 2 which we again associate with the two
degenerate ways of assigning the helicity to the scalar.

5.3 An n-gluon one-loop MHV amplitude in /' =4 SYM

To show the versatility of the single cut method, we use it to calculate the n-gluon MHV
amplitudes in /' =4 SYM with adjacent negative helicity gluons. Since these amplitudes
are completely cut-constructible, we use four-dimensional massless CSW rules to construct
the tree-level inputs. The analytic result is well known [RJ] and is independent of the
position of the two negative helicity gluons. It has the following form,

AN=AMAV. _ o AO)y9 (5.32)

3We follow [@] and drop the terms proportional to tadpoles and massless bubbles
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Figure 10: Topologies which contribute to the A' = 4 amplitude AS}’N:@(—, —,+,...,+) in the

Ci(i—1) cut. The two external gluons with negative helicity are shown in blue. Particles which
depend on the loop momenta are red, dashed lines indicate that the species is not fixed, solid lines
represent gluons.

where
e 1L L(1+e)T?(1—¢)
U7 amz < T(1-2¢

(5.33)

and V;J is a sum of only two-mass easy and one-mass box functions, Fime and F}lm, respec-
tively,
n 1 n n+i—3
Im . 2me .
VI = Fi™(siit; Siitts Sie1iv2) + 3 > N (i Si41-13 Sig1s Sigo1). (5.34)
i=1 i=1 j=i+3

Here F3™¢ and F{™ are related to the master scalar box integrals via,

—2F ™ (814425 Siit1s Sit1,i4+2)
S4,i4+15i+1,i+2
—2 Fimc(si,jv Si41,j—15 Si+1,5> Sij—1)
Si41,j5ij—1 = SijSit1,j+1 ’

Im . _
Ii™ (80,423 Sijig1s Sitl,i42) = €T

L%me(si,j, Si+1,j—1; Si+1,45 Si,j—1) = €T (5.35)

We consider the Cj(;_yy cut where 7 and (i — 1) are positive helicity gluons. For this
cut there are three allowed classes of diagram shown in figure [[(. If we choose n = p;_1,
then the allowed range of j for fixed 7 is,

2<j<i—3 for figure [[((a), (5.36)
i <j<n for figure [[(b). (5.37)
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In figure [[((a) and (b), the species of the loop particle is fixed by angular momentum to
be gluonic while for figure [[((c), there is no such restriction and the entire multiplet is
allowed to propagate in the loop. We first consider figure [[((a) which is given by,

D7 1—2% " (5.38)
with
onf 0o A= 1)) GG+ D) (] )
P == | G O SR G DT O

where /; ; = ¢ — P; ;. We use the Schouten identity to write

Jo_ g0 [ 4 (=D (. _gi .
R o GO R AL ) LT

with
LY
d(ea,b) (J wa,b’ 7] .

Inserting this form into eq. (p.3§), we find

Making the shift j — 7 — 1 in the second sum, we find,

4 i 1—3
Di(,l?—l = —A;O) / (2d7_‘_§45(£2) <€ <> Z i 1 <Z <g2 ,J QZ( i 1)>

J

g;'(Pa,b

(5.41)

+G4(P2) — gii—2(Pi,i—3)> - (5.43)

We will now show that G/ (P; ;) —G5(P; j—1) and G_,(P;;_3) are free of spurious singularities.
The remaining term G (P; 2) still contains a spurious term, which we will eventually cancel
against contributions from figure [[((c). We begin with G! ,(P;;_3) which has the form,

i A =2)0) (L]l i3]
i-2(Piza) = d(lii—3) (i — 2[lii—3|n] (5.44)

Since we have made the choice n =i — 1, we find

(€€ i—3]i—1]

! o(Pii3) = , : 5.45
R v ) 049
which is free of spurious singularities. Similarly,
' (G0 dliz—1) (]| n] — d(li;) (€16 -1 n]
G g S : : : ’
3(Fig) = G5(Fiim) (7 1ep, | n] d( 5)d(Cij-1)

—d(li)d(l 1)
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so that (f.3§) becomes,

4 i—3
@ a0 [ 4l e (((—1)i (76 f|f,a|3]
D =-A
i,0—1 n / (27T)45(€ )<£ Z o 1 ]Zg EZJ ’]_1)
(C|l; i—s|i—1]

- d(ﬁm_;,)_[g N gé(ﬂ,z)) (5.47)

In a similar fashion, we find that the contribution from figure [[J(b) has the form

O o [ (=D [ G0 (el
Pl =40 [ G <<z—1>e><j§.+l (G5l g 1)

()i —1] ;
+m - gl(Pi,n)>- (5.48)

Figure [[J(c) has a fixed ordering of gluons and therefore there is no summation over
external particles. There is however a freedom to sum over the particle content of the
N =4 SYM multiplet. We define,

€ = _ d't 2 N; i
2=~ | G O G P R

with,
D=@G@GE+1)...(n1)(23)...(i—2( —1)). (5.50)
Here N; is dependent on the species of loop particle,
Ny=a'+p3'  Ny=-a®8—-a,  Ns;=2a°3, (5.51)
where
a=(10 @0 n  and B =(20) (1|, (5.52)
The Schouten identity relates o and (3 to each other,
a—0=(12){|liln] =~
so that the contribution from the N = 4 multiplet is given by
N, + 4N + 3N, =~ (5.53)
Therefore, the sum of contributions from figure [[(j(c) simplifies to,

@ _ [ d% (12)* (¢ |6y ;) 1
P = /(277)45(6 )d(m) iy (1| 1n) (21| m] (i —1)€) D

4 i—1)i . :
= Ay / (jﬂiam <>(<( i)li ><Gi<P1,i>—g5(P1,z-)>. (5:54)
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When we combine (¢) with (a) and (b) we find the combinations (G}(P;,) — Gi(P;1)) and

(Gi(P;2) — G5(P;1)) which ensure that all spurious singularities are cancelled so that the

total cut amplitude can be written in a form free of spurious terms,

<« [ tr_(j,i,6,Py)

> (e e (%59
7 1,J 1,7—1

j=it+1

4
plarrer@ — 40 [ 4L 52
tJ(2m)t

tl“_(j, (’L — 1),€, PZ’J’) > Sii—1 B tl“_((i — 1),’L',£, Ei,i_g)
d(lii—2)d(€; j)d(l; 1) d(l;)d(C;i—2)  d(l;i—3)d(€;)d(l;i—2)

The traces can be simplified using the following identity

tr_(j,i, 0, Pry) = 2<<E.Pi,j><z:j> ()P + <e.z'><j.Pi,j>> (5.56)
= d(l;;)(@.P;j—1) —d(l; j—1)(@.P; ;) — d(4;)(j.Pi ;) + N(P;j,4,7)

since the term containing the e tensor will integrate to zero. In eq. (5.54), we have intro-
duced the shorthand

N(P,i,j) = P%(i.5) — 2(P.i)(P.j). (5.57)

When (p.50) is inserted into (5.53), there are multiple cancellations of triangle contri-
butions, such that only box contributions remain

di < N(Pi;,i,j) N(Pyj, (i — 1), )
D@+B)+e) _ _Ag))/ 5002 ( 1 b N > : >
an ") j=§i-i:-2 d(ti)d(€i,5)d(ls 1) d(lii—2)d(lig)d(li 1)

1 S8ii—15i,i+1 1 8i—2,i—18ii—1 (5.58)
2d(lii—2)d(liiy1)d(l;)  2d(€;i-3)d(Ci)d(L;i—2) '

Returning to the Feynman integral by re-instating the cut propagator and the usual nor-
malisation of ¢ we find that the contribution to the amplitude from this cut is

A(l)’N:4(1_7 27,... ,n+)i,i_1 cut

i—3
0 2me .
ZCFA%){ § Fi (3i,j73i+17j—173i,j—173i+1,j)
j=i+3

1—4
2me . 1m .
+ E F4 (Si—l,j,si,j—l,Si—l,j—l,Si,j)+F4 (Si,i—273i,i—1,3i—1,i—2)

j=i1+2
1m . 1m .
+F M (8iq1,i-13 Siji—1, Si+1,i) + F4 (Siji423 Sijit15 Sit1,i42)
1 .
+F ™ (Si-1,i-3} Si—1,i-2, Si—2,i—3) } (5.59)

As expected, we find four one-mass boxes and sums over two-mass easy boxes in which p;
and p;_1 are emitted from different vertices.

We now know the form of any cut involving two positive helicity gluons. The mixed
helicity, C51 and C j,, cuts are straightforward, and it is simple to seethat in these cases
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the tree factorises in precisely the same manner as before, and that the integrand has
exactly the same structure as a C;;—1 cut. Therefore to obtain the complete amplitude we
need only to sum over all the allowed boxes taking care not to double count any terms i.e.

n
AON= =97 nt) = CFA%O){ D FI (842} Siit 1, Sid1it2) (5.60)
i=1
1 n n+i—3
+§Z Z Fimo(3i7j=3i+1,j—1§3i+17j73i7j—1)}
=1 j=143

which agrees with the known result of eq. (5.32).

6. Conclusions

The calculation of one-loop scattering amplitudes in massless gauge theories can be simpli-
fied by using generalised unitarity constraints to directly extract coefficients of the one-loop
master integrals. In this paper, we have studied a further implementation of generalised
unitarity based on putting a single loop propagator on-shell. Cutting an one-loop n-particle
amplitude in this way requires (n + 2)-particle tree amplitudes as input which are straight-
forward to evaluate. If four-dimensional tree amplitudes are used, only the cut-constructible
pieces of the amplitude can be reconstructed. However, if the cut is performed in D = 4—2¢
dimensions then it is possible to fully determine the amplitude. As in many of the existing
multiple-cut unitarity methods, once the cut-contribution is in its most simple form, we
can reverse the procedure to find the contribution to the full amplitude from this partic-
ular cut. For an n-point amplitude, one needs fewer than n cuts to determine the entire
amplitude. Furthermore, since the integrand of the cut-loop integral is itself an (n + 2)
tree level amplitude, gauge invariance is assured for each cut. In this way each single cut
contribution is independent of any other cut, and as such we can use additional cuts as
checks on the coefficients already determined.

Another advantage of our approach is that one can apply it in either four or D di-
mensions, and it can be successfully applied to amplitudes that are fully cut-constructible,
amplitudes that are entirely rational, or amplitudes that have both contributions. We have
tested the validity of our method by re-deriving the entirely rational one-loop all-plus am-
plitudes for four and five gluons, A(l)(—i-, +,4+,+) and Aél)(—h—i-, +,+,4), as well as the

?11)(—, +,+,+). The key ingredient is to relate the D-
dimensional cut for massless loop particles to a four-dimensional cut for massive particles.

mostly-plus four-gluon amplitude A

For this task we used the CSW prescription with massive scalars recently derived by Boels
and Schwinn [[[3, [[]. When constructing the integrand we frequently encountered terms
of the form (i |¢;| 7] which do not correspond to any physical propagator (they are spurious
terms). Before evaluating any integrals it was essential to write the integrand in a form
free of these terms. We found that in general there was a clear diagrammatic way of com-
bining diagrams to remove these terms. After this reduction had occurred we found that
the remaining terms usually had a simple structure allowing quick reconstruction of the
amplitude. Nevertheless, although the CSW prescription provides a clear diagrammatic
prescription of the integrand, it is not an essential part of the method.
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We have also rederived expressions for the scalar loop contribution to the four-gluon
MHYV amplitude, AS}NZO)(—, —,+,+) which has both cut-constructible and rational con-
tributions, and the fully cut-constructible n-gluon MHV amplitude in NV = 4 SYM,
AN ).

A final advantage of the single cut unitarity approach, is that it is the only unitarity-
based technique that can detect the coefficients of tadpole graphs. Although in this work
we have concentrated on solely on massless theories, for which these terms are absent, the
prospect of applying the single cut approach to a massive theory may be worthy of further
study.
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A. Notation and scalar integrals

Throughout this paper we use the following notation

Pij = pi+piy1+-- +pj-1+pj, (A1)
Sij = Pi2,j7 (A.2)
sij = 2(pi - pj)- (A.3)

For the four point amplitudes — + ++ and — — +4 we also use the notation,

s = (p1 +p2)? = (p3 + pa)’, (A.4)
t = (p2+ps)® = (p1+ pa)’, (A.5)
u = (pa +pa)® = (p1 +p3)*. (A.6)

During the construction of D-dimensional amplitudes we encounter the following functions,
L[p?] = Jp = (—e)I572%¢ and Llp'] = Ky = (—e)(1 — e) 1572, (A.7)

These integrals have the following form,

B = 5 275(3 —og P 49
I§7(P?) = - al (—P%), (A.9)

2¢(1 —€)(1 — 2¢)

Here rr = cr/(47)?~¢. The boxes we find have the following ¢ — 0 expansion,

Jy — 04 O(e) and Ky — —é + O(e). (A.10)
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Finally, the ten dimensional pentagon we encounter has the following limit as ¢ — 0

1
e(1— )30 - —

TRALGE (A.11)

The two-mass easy and one mass box functions which arise in the calculation of the N’ = 4
MHYV amplitude have the following form,

1 2\
F{™(P?%s,t) = — = [ (N—s> 2Fy <1, —6l—¢ —%>

2 €
; <“—> 2Fy (1,—6;1—@—3)
—¢ s
2 € 2
p .. uP
— <——P2> o F' (1,—671 —6,—?>:|7 (A12)
2 €
F42me(P2 Q2'St): _i 'u_ o F 1—6‘1—6'L
) 39y 62 —s ) ’ ) P2Q2 — st
2 €
[ . ut
#(5) o (1me1 6 pag =)
2\ € 2
u .. uP
(7)o (et )

2 € Q2
_ <_M—622> 2F1 <1,—6;1—6; 7P252—8t>:|.
(A.13)
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